Abstract. We introduce the abstract notion of a closed necklical set in order to describe a functorial combinatorial model of the free loop fibration ΩY → ΛY → Y over the geometric realization Y = |X| of a path connected simplicial set X. In particular, to any path connected simplicial set X we associate a closed necklical set ΛX such that its geometric realization | ΛX|, a space built out of glueing "freehedrical" and "cubical" cells, is homotopy equivalent to the free loop space ΛY and the differential graded module of chains C * ( ΛX) generalizes the coHochschild chain complex of the chain coalgebra C * (X).
Introduction
Let Y be a connected topological space. The free loop space of Y is the topological space ΛY = M aps(S 1 , Y ) defined as the set of all loops in Y , i.e. continuous maps from the circle S 1 to Y , equipped with the compact open topology. Fixing a point in the circle * ∈ S 1 we obtain a continuous map ̺ : ΛY → Y defined by evaluating a loop at * , namely ̺(γ) = γ( * ). The map ̺ : ΛY → Y is a fibration, which we call the free loop fibration, whose fiber at a point b ∈ Y is the space ΩY = ̺ −1 (b) consisting of all loops with the base point b. Suppose now that Y is the geometric realization of a connected simplicial set X. The main goal of this article is to construct a natural combinatorial model for the free loop fibration of Y based on the combinatorics of X. In particular, we introduce the notion of a closed necklical set in order to describe a combinatorial model | ΛX| for ΛY . A closed necklical set is a presheaf over the category of closed necklaces. Closed necklaces are simplicial sets of the form ∆ n0 ∨ ... ∨ ∆ np where each ∆ ni is a standard simplex with n 0 ≥ 0, n i ≥ 1 for i = 1, ..., p, and the wedges mean that the last vertex of ∆ ni is identified with the first vertex of ∆ ni+1 for i = 0, ..., p − 1 and the last vertex of ∆ np is identified with the first vertex of ∆ n0 . We build up on constructions and results of [12] where a combinatorial model for the based loop space on the geometric realization of a simplicial set X is introduced using the notion of a necklical set. Necklical sets are presheaves over the category of necklaces. We will recall the necessary definitions and statements throughout the text to keep our presentation self contained. Necklaces are simplicial sets defined similarly to closed necklaces except that we do not identify the first and last vertices and all standard simplices in the wedge are required to have dimension at least 1. * Necklaces were introduced in [4] to describe the mapping spaces of certain functor from simplicial sets to simplicial categories, called the rigidification functor, which compares two models for ∞-categories. Then necklaces inside a path connected simplicial set X based at a vertex b ∈ X 0 were used in [12] to label the cubical cells of a combinatorial model for the based loop space and in [11] this result is packaged in the language of ∞-categories. More precisely, in [12] we describe a topological space | ΩX| which is homotopy equivalent to the based loop space on Y = |X| and is obtained as the geometric realization of a necklical set ΩX defined by glueing cubical cells corresponding to necklaces inside X based at b. Because of the non-triviality of the fundamental group π 1 (X) the construction of ΩX involves formally inverting 1-simplices in X in order to obtain the correct homotopy type of the based loop space, which is the reason for the "hat" symbol in the notation ΩX. In [11] the different but closely related notion of a cubical set with connections was used to obtain a similar construction.
In section 2 we recall the necessary definitions and results from [12] and [11] , we define closed necklaces, closed necklical sets, and the geometric realization of a closed necklical set as a topological space obtained by glueing cells each of which is a cartesian product of a standard cube and certain polytope F n called a freehedra, originally introduced in [13] . We proceed with our main construction and result in section 3: associated to any path connected simplicial set X there is a natural closed necklical set ΛX whose geometric realization | ΛX| is a space homotopy equivalent to the free loop space ΛY on Y = |X|. In fact, we construct a quasi-fibration
− → Y modeling the free loop fibration ΩY → ΛY → Y. The proof of our main result only uses basic tools from classical algebraic topology similar to those used in [12] .
Finally, we explore some algebraic consequences in section 4. In [12] we explained how the algebra of chains on ΩX, the necklical set model for the based loop space, generalizes Adams' cobar construction on the Alexander-Whitney differential graded (dg) coalgebra of chains on X. The chains on the closed necklical set ΛX provides a small chain complex, suitable for calculations, which computes the homology of the free loop space of a path connected, possibly non-simply connected, space. We explain how such a chain complex generalizes the coHochschild chain complex ( [2] , [6] , [9] , [10] ) of the dg coalgebra of chains on X. We finish the paper by explaining how Goodwillie's result relating the free loop space to the Hochschild chain complex of the dg algebra of chains on the based loop space [5] follows as a corollary of our main result.
The constructions described in this article yield small combinatorial and algebraic models for the free loop space of a connected non-simply connected space which we expect to have direct applications in calculating essential invariants in algebraic topology such as: cup and Massey products, higher cohomology operations, and string topology operations.
Closed necklaces and closed necklical sets
We start by recalling the definitions of necklaces and necklical sets as introduced in [4] and [12] . Denote by Set ∆ the category of simplicial sets and by ∆ m ∈ Set ∆ the standard m-simplex. A necklace is a wedge of standard simplices
where the last vertex of ∆ ni is identified with the first vertex of ∆ ni+1 and n i ≥ 1 for i = 1, ..., k − 1. Each ∆ ni is a subsimplicial set of T , which we call a bead of T . Denote by b(T ) the number of beads in T . The set T 0 , or the vertices of T , inherits an ordering from the ordering of the beads in T and the ordering of the vertices of each ∆ ni . A morphism of necklaces f : T → T ′ is a morphism of simplicial sets which preserves first and last vertices. If T = ∆ n1 ∨ ... ∨ ∆ n k is a necklace then the dimension of T is defined to be dim(T ) = n 1 + · · · + n k − k. Denote by N ec the category of necklaces. A necklical set is a functor N ec op → Set and a morphism of necklical sets is given by a natural transformation of functors. Denote the category of necklical sets by Set N ec .
For our constructions, it will be useful to use the set of generators of morphisms in N ec listed in the proposition below. For a proof see [11] (Proposition 3.1). Proposition 1. Any non-identity morphism in N ec is a composition of morphisms of the following type
n k is a morphism of necklaces such that f collapses the p-th bead ∆ np in the domain to the last vertex of the (p − 1)-th bead in the target and the restriction of f to all the other beads is injective.
We now define the category N ec c of closed necklaces. The objects of N ec c are simplicial sets of the form R = ∆ n0 ∨ T , where n 0 ≥ 0, T = ∆ n1 ∨ ... ∨ ∆ n k is a necklace in N ec, and the first vertex of ∆ n0 is identified with the last vertex of T . We will call ∆ n0 and ∆ n k the first and last beads of R, respectively. The vertices of R also inherit an natural ordering from the ordering of the set of beads of R and ordering of the vertices on each bead.
Morphisms between closed necklaces are defined to be maps of simplicial sets which preserve first beads (but not necessarily preserve first vertices).
A closed necklical set is a functor K : N ec op c → Set and a morphism of closed necklical sets is given by a natural transformation of functors. Denote the category of closed necklical sets by Set N ecc . A simplicial set X gives rise to an example of a closed necklical set K X : N ec op c → Set via the assignment K X (R) = Hom(R, X), the set of all simplicial set maps from R to X. Now we describe a useful set of generators for the morphisms in N ec c similar to those described for N ec in Proposition 1.
Proposition 2. Any non-identity morphism in N ec c is a composition of morphisms of the following type:
(i) injective morphisms f : R → R ′ of closed necklaces such that dim(R ′ ) − dim(R) = 1 and f preserves the last beads; (i') injective morphisms f : R → R ′ of closed necklaces such that dim(R ′ ) − dim(R) = 1 and f maps the last bead of R into the first bead of
mp is a simplicial co-degeneracy morphism for some j (so m p = n p − 1) and for all i = p, f i : ∆ ni → ∆ mi is the identity map of standard simplices (so n i = m i for i = p);
such that, for some 1 ≤ p ≤ k with k ≥ 2, f collapses the p-th bead ∆ np in the domain to the last vertex of the (p − 1)-th bead ∆ np−1 in the target and the restriction of f to all the other beads is injective.
Proof. Let N ec ≥2 be the full subcategory of N ec consisting of necklaces with at least two beads. Consider the functor F : N ec ≥2 → N ec c defined on objects by sending a necklace T to the closed necklace F (T ) obtained by identifying the first and last vertices of T . Any morphism of necklaces f : T → T ′ induces a well defined morphism of closed necklaces F (f ) :
since, by definition, f preserves first and last vertices. The functor F is faithful (but not full) and injective on objects (but not surjective). Therefore, those morphisms in N ec c which are in the image of F can be described exactly as in Proposition 1 (Proposition 3.1 of [11] ), which tells us that each of these morphisms is a composition of morphisms of type (i), (ii), (ii ′ ) or (iii). We have separated (ii) and (ii ′ ) into two different types because in first bead in closed necklaces will play a particular role later on; in particular, note that in type (ii ′ ) it is possible to have n 0 = 0 while in type (ii), m p ≥ 1.
Closed necklaces of the form ∆ 0 ∨ T are not in the image of F . However, morphisms of closed necklaces in which the domain or the target is of the form ∆ 0 ∨ T are generated by morphisms of type (i), (ii), (ii ′ ) or (iii). The argument in the proof of Proposition 1 (see [11] ) applies to this case as well. Finally, to obtain the rest of the morphisms of closed necklaces which are not in the image of F we can add morphisms of type (i ′ ) to the generators. This follows since those injective morphisms f : R → R ′ of closed necklaces with dim(R ′ ) − dim(R) = 1 which are not in the image of F are exactly those of type (i ′ ) and any non-injective morphism
of type (i) can be further classified into two sub-types: (ia) the number of vertices of R is one less than the number of vertices of R ′ (in particular, this implies k = l), and (ib) the number of vertices of R and R ′ are equal (which, in particular, implies
for j ∈ {1, ..., n i − 1} is the simplicial j-th co-face morphism for some for some i ∈ {0, ..., k} with n i + 1 = m i . Morphisms f of type (ib) are those for which there are i ∈ {1, ..., k} and j ∈ {1, ..., m i − 1} such that f = id ∨ W j ∨ id, where
, is the injective map of simplicial sets whose image in ∆ mi is the wedge of the two sub-simplicial sets corresponding to the j-th term in the Alexander-Whitney diagonal map applied to the unique non-degenerate top dimensional simplex in ∆ mi . Morphisms of type (i ′ ) are necessarily of the following form: injective maps f :
′ have the same number of vertices, n k + n 0 = m 0 , and the restriction of f to the last and first beads of R yields a map W j : ∆ n k ∨ ∆ n0 → ∆ m0 corresponding to the j-th term in the Alexander-Whitney diagonal map applied to the unique non-degenerate top dimensional simplex of ∆ m0 . For each closed necklace R of dimension n there are exactly n − 1 morphisms δ
. Moreover, given a closed necklace R = ∆ n0 ∨ T, there are exactly n 0 morphisms of closed necklaces
By convention we define δ
Closed necklical model for the free loop space
For any simplicial set X consider the graded set
R∈N ecc

Hom(R, X) / ∼
where ∼ is the equivalence relation generated by the following rules:
is given by applying the last co-degeneracy map to the p-th bead, and
by applying the first co-degeneracy map to the (p + 1)-th bead (if p = k then p + 1 should be interpreted as 0); and
for any f ∈ Hom(R, X) and any morphism u in N ec of type (iii). Denote the ∼-equivalence class of (f :
3.1. The closed necklical set ΛX. For any simplicial set X define a closed necklical set Λ(X) : N ec op c → Set by declaring Λ(X)(R) to be the subset of
by morphisms R → X ∈ N ec c ↓ X. This clearly defines a functor: given a morphism u : R → R ′ in N ec c and an element [f :
is precisely the following colimit in the category of necklical sets
where Y : N ec c → Set N ecc denotes the Yoneda embedding Y (R) = Hom N ecc (− , R).
The closed necklical set Λ(X) may be thought of as a free base point analogue of the necklical set Ω(X; x), which was defined in [12] as
where x ∈ X 0 is a fixed point, (N ec ↓ X) x denotes the category of maps f : T → X from some T ∈ N ec such that f sends the first and last vertices of T to x, and
Define the closed necklical face maps
and closed necklical degeneracy maps 
where s j : R j → R is the j-th map of type (ii ′ ) or the (j − n 0 )-th map of type (ii). These maps satisfy certain relations as described in [13] . To define the geometric realization of ΛX we must fix the modeling polytopes as in the following subsection.
3.2. The polytopes F n . We describe the polytopes F n in two different, but combinatorially equivalent, ways. We begin with a geometric description. Denote by |∆ n | and |I n | the topological standard n-simplex and n-cube, respectively (we reserve the notation ∆ n and I n for abstract sets as in [12] ), and let v 0 , ..., v n be the vertices of |∆ n |. First, consider the following procedure to obtain a polytope combinatorially equivalent to |I n | from a sequence of truncations applied to |∆ n | for any n ≥ 1. We may think of |I 1 | as obtained from |∆ 1 | by cutting via a line that intersects |∆ 1 | in the "middle". We obtain the combinatorial polytope |I 2 | by intersecting the 2-simplex |∆ 2 | with a line which has v 0 on one side and v 1 and v 2 on the other side. We truncate |∆ 2 | at this line so that v 0 has been cut out and replaced by a 1-simplex, which we label by (v ) and the second triangular face of σ is the (n − 1)-simplex σ 1 = (v 1 , v 2 , ..., v n ). By induction we know how to obtain (n − 1)-cubes from the (n−1)-simplices σ 0 and σ 1 . Taking this into account we now truncate σ ′ by a hyperplane P 1 such that in one side of P 1 we have the vertices v 0 0 and v 1 and all the other vertices on the second side. We continue this process (n−1) times with hyperplanes P 0 , P 1 , ..., P n−2 to obtain a polytope combinatorially equivalent to |I n |. Note that the resulting cube has vertex set V 0 ∪ ... ∪ V n−2 ∪ {v n−1 } ∪ {v n } where V i denotes the (naturally ordered) set of vertices obtained from consecutive truncations that started at v i ; denote by v 0 i the first vertex of V i . Define F 0 = |I 0 | and F 1 = |I 1 |. For any n ≥ 2, F n is obtained from |∆ n | by first applying a sequence of truncations using hyperplanes P 0 , ..., P n−2 as described above to obtain a cube |I n | and then applying a sequence of truncations to the cube at vertices v n , v n−1 , v 0 n−2 , ..., v 0 2 using hyperplanes Q 0 , ..., Q n−2 , respectively, in the same way as described above (but note that we are now going backwards with respect to the ordering of the vertices).
We now give a combinatorial description of the polytopes F n as a subdivision of the standard cube |I n |. The polytopes F n will have 3n − 1 faces of codimension 1: n corresponding to the symbols d .., n as labels; we call them face operators since they will fit with the closed necklical face maps introduced in section 2; in fact, we have used the same notation.
Let F 0 be a point. Let Face of F n Face operator e
Thus, F 2 is a pentagon, F 3 has eight 2-faces (4 pentagon and 4 quadrilateral), 18 edges and 12 vertices, as showed in Figure 1 . We will now relate the polytopes F n to closed necklical sets and describe a combinatorial labeling for the cells of F n (which have already appeared in Figure  1 ) similar to the labeling described in section 3.2 of [12] for the cells of a cube. Let
where Y : N ec c → Set N ecc is the Yoneda embedding. The codimension j faces of the closed necklical set F n are defined to be those elements of F n given by injective morphisms of closed necklaces R → ∆ n ∨ ∆ 1 where R is a closed necklace of dimension n − j. It follows that the codimension 1 faces of F n are given by morphisms R → ∆ n ∨ ∆ 1 of closed necklaces where
The only possible injective maps of closed necklaces for such R are given by the following "co-face" morphisms as described in Remark 1
and, by convention, set δ 
The combinatorics of the faces of the closed necklical set F n agree with those of the topological space F n , meaning that the above symbols may be used to label the cells of the polytope F n as well (see Figure 1) . Moreover, as explained in [12] , the top dimensional cell of the standard cube |I n | may be labeled by [0, 1... 
Thus, the proper faces of F n obtained by means of the operators d 0 and d 2 can be identified with the top cell of cartesian products F p × I q for 0 ≤ p, q ≤ n with p + q < n. These identifications induce continuous inclusion maps which we denote by the same symbols
In a similar way, the morphisms of type (ii) and (ii ′ ) induce continuous collapse maps ς j :
There is a canonical continuous cellular projection map
which sends the top cell 0, ..., n] of F n to the top cell (0, ..., n) of the simplex |∆ n | in such a way that a face u of F n as in (3.3) goes to the face (i st , ..., i st+1 ) of (0, ..., n) = |∆ n |. In particular, ϕ collapses those faces of F n with labels
to the vertex i st of |∆ n |.
The geometric realization of ΛX.
The geometric realization of the closed necklical set ΛX is defined analogously to that of PX and ΩX as in [12] , but instead of the standard cubes as modeling polytopes we use the cartesian products F n0 × I r . Namely, |ΛX| is the topological space defined by
where Λ n0,r X is considered as a topological space with the discrete topology, and ∼ is the equivalence relation generated as follows: for any f :
t). Here we have written (t, s) to denote points in (F
r | when ǫ = 1, and (t ′ , s ′ ) to denote points in F n0 × |I r−1 |. In particular, we have |F n | = F n . Compare |Λ(X)| to |Ω(X; x)| which was defined in [12] as the space
where ∼ is defined similarly to the relation above.
3.4. Inverting 1-simplices formally. Given a simplicial set X, form a set X op 1 := {x op | x ∈ X 1 is non-degenerate}. Let Z(X) be the minimal simplicial set containing the set X ∪ X op 1 such that ∂ 0 (x op ) = ∂ 1 (x) and ∂ 1 (x op ) = ∂ 0 (x). Define
as Λ(X) := Λ(Z(X))/ ∼ where the equivalence relation ∼ is generated by
is the collapse map. The geometric realization | ΛX| is defined similarly as in the previous section, but note that now there are new 0-cells corresponding to the inverted 1-simplices.
3.5. An explicit construction of ΛX. Let (X, x 0 ) be a pointed simplicial set with face and degeneracy maps denoted by ∂ i and s j , respectively. For a simplex σ ∈ X denote by min σ and max σ the first and last vertices of σ, respectively. We recall the following explicit description of the underlying graded set { Ω n X} n≥0 of the necklical set ΩX. For any σ i ∈ Z(X) >0 , let dim(σ) = dim(σ) − 1 and define
with relations
where σ i , σ i+1 ∈ Z(X) 1 such that σ i+1 = σ op i and x = min σ i ; and
Then
and the monoidal structure ΩX × ΩX → ΩX is induced by concatenation of words with unit e = s 0 (x 0 ). In particular, Ω 0 X is a group. Let Ω ′′ X be the set obtained from Ω ′ X by removing the condition max σ k = x 0 . Let ΛX = { Λ n X} n≥0 be a set ΛX = Λ ′ X/ ∼, where Λ ′ X is a subset of the (set-theoretical) cartesian product X × Ω ′′ X of two graded sets X and Ω ′′ X :
and ∼ is defined via the relation (s p (x), y) ∼ (x, η 1 (y)).
The face operators
and the degeneracy maps
We have the short sequence Proposition 3. For a pointed connected simplicial set (X, x 0 ) the short sequence
is a quasi-fibration.
Proof. The result follows from essentially the same argument as in Proposition 2(iii) in [12] which we recall here for completeness. Recall |X| is a space defined as a colimit of standard topological simplices with identifications given by the face and degeneracy maps of X. Take the barycentric subdivision of each standard simplex in the colimit to obtain a finer subdivision of |X| into simplices. For each simplex σ ⊂ |X| in this subdivision let U σ be a small open neighborhood containing σ as a deformation retract; in particular, each U σ is contractible. Let U be the smallest collection of open sets containing {U σ } which is closed under finite intersections. Then U is an open covering of |X| with the property that for any U ∈ U and any x ∈ U , ζ −1 (x) ֒→ ζ −1 (U ) is a homotopy equivalence. It follows that ζ satisfies the criterion in [3] to be a quasi-fibration.
A necklical model for the path fibration was described in [12] . More precisely, the following theorem was proved. 
in which ω is a monoidal map and homotopy equivalence.
In the above statement | PX| is a contractible cellular space obtained by glueing cubes corresponding to augmented necklaces inside X with last vertex fixed at x 0 ∈ X 0 and P Y denotes the space of paths with endpoint fixed at b and ΩY the space of loops based at b. An augmented necklace is just a necklace in which the first bead is allowed to be ∆ 0 ; see [12] for more details. In the proof of our the next theorem we recall the construction of ω.
The main result of this article is the following analogue result for the free loop fibration. 
in which Υ and ω are homotopy equivalences.
Proof. First consider the cellular map ϕ given by (3.4). We need to represent the underlying cube I n = I n−1 × I of F n so that the both (n − 1)-cubes I n−1 × 0 and
) are totally degenerated under ϕ at the vertices v 0 and v n respectively. For example, only subdivide the faces d
.., n form an increasing sequence on the edge e := (x 1 , 0, ..., 0) of I n (see Figure 2) . Then fix the map
by means of the exponential law applied for |ϕ| : |I n−1 |×|I| → |∆ n |, where P 0,n |∆ n | denotes the space of paths in |∆ n | starting at v 0 and ending at v n . Recall the space | ΩX| is constructed by glueing cubical cells, so any point in | ΩX| is given by an equivalence class y = [f, (t 1 , ..., t k )] where f : T → X is a (nondegenerate) map of simplicial sets sending the first and last vertices of a necklace T to a fixed point x ∈ X 0 , and (t 1 , ..., t k ) ∈ |I n1 | × · · · × |I n k |. Let |f | : |T | → Y = |X| be the induced map at the level of geometric realizations. Then define
where * denotes path concatenation in |T |.
We now construct Υ. Any point (x, y) ∈ |X p × Ω ′ r X| → | ΛX| is given by an equivalence class (x, y) = [g, (x, y)] where g : R → X a (non-degenerate) map of simplicial sets, R = ∆ n0 ∨ T a closed necklace, and (x, y) ∈ F n0 × |I n1 | × · · · × |I n k |. Let λ := |g| • ω T ; so λ is a path from |g|(| min T |) to |g|(| max T |).
For n 0 = 0, Υ(x, y) is defined as the loop ω(y) based at x = |g|(|∆ n0 |) ∈ Y . Let n 0 ≥ 1 and (t, s) ∈ F n0 . Define Υ(x, y) = β * λ * α, where α is a path from |g| • |ϕ|(t, s) to |g| • |ϕ|(t, 1) defined by the restriction of |g| • ω n0 (t) to [s, 1] and β is a path from |g| • |ϕ|(t, 0) to |g| • |ϕ|(t, s) defined by the restriction of |g| • ω n0 (t) to [0, s].
Finally, apply Proposition 3, the fact that a quasi-fibration gives rise to a long exact sequence in homotopy groups, and the result of [12] that says that ω is a homotopy equivalence to obtain the desired result.
Remark 2. The maps Υ and ω above are canonically defined by means of the maps ϕ given by (3.4) . Furthermore, Υ is an inclusion so that it detects a deformation retract of ΛY having the cellular structure determined by the simplicial structure of X. 4. Algebraic models for the free loop space and the hat-coHochschild construction.
4.1. Algebraic preliminaries. We fix a ground commutative ring k with unit 1 k . All modules are assumed to be over k. We recall some algebraic constructions associated to differential graded coassociative (dgc) coaugmented coalgebras. Recall a dgc coalgebra (C, d C , ∆) is coaugmented if it is equipped with a map of dgc * coalgebras ǫ : k → C. Denote C = coker(ǫ). Given a coaugmented dgc coalgebra (C, d C , ∆, ǫ) which is free as a k-module on each degree, the cobar construction of C is the differential graded associative (dga) algebra (ΩC, d ΩC ) defined as follows. For anyc ∈ C write ∆(c) = c ′ ⊗c ′′ for the induced coproduct on C. The underlying algebra of the cobar construction is the tensor algebra
and the differential d ΩC is defined by extending
as a derivation to all of ΩC, where an element
n ∈ ΩC is denoted by [c 1 |...|c n ]. The cobar construction defines a functor from the category of coaugmented dgc coalgebras to the category of augmented dga algebras.
The coHochschild complex of C, as defined in [6] and [7] , is the dg k-module [1] that the cobar construction on the reduced dgc coalgebra of singular chains on a simply connected topological space is quasi-isomorphic as a dga algebra to the singular chains on the based loop space. It was then explained in [11] and [12] why the same construction works for a path connected, possibly non-simply connected, space. The cobar construction is not invariant under quasiisomorphisms of dgc coalgebras so in order to obtain the correct model for the chains on the based loop space one must be careful when choosing the dgc coalgebra model for the underlying space. Moreover, it was explained in [12] how for any path connected simplicial set X, the chains on the necklical set ΩX may be understood as a model generalizing Adams' cobar construction on the dgc coalgebra of simplicial chains on X, similar to the extended cobar construction of [8] . In [7] and [13] it was shown that the coHochschild complex of the dg coalgebra of chains on a simply connected simplicial set X calculates the homology of the free loop space on |X|. Below, we generalize this fact: we explain how the chains associated to the closed necklical set ΛX yields a complex which generalizes the coHochschild complex on the simplicial chains of X and calculates the homology of the free loop space on |X| for a path connected, possibly non-simply connected, simplicial set X. The resulting chain complex is small and suitable for computations.
4.2.
The hat-coHochschild construction. Let (X, x 0 ) be a pointed simplicial set and denote by (C * (X), d C , ∆) the simplicial chain dgc coalgebra with AlexanderWhitney coproduct. The hat-coHochschild complex ΛC * (X) of C * (X) is in fact obtained from the coHochschild complex ΛC * (X) by replacing the cobar construction ΩC * (X) by the hat-cobar construction ΩC * (X).
First, recall the definition of the hat-cobar construction. Consider coaugmented the dgc coalgebra (C * (Z(X)), d C , ∆, ǫ), where ǫ is determined by the choice of fixed point x 0 . Let C * >0 (X 0 ) denote the sub dgc coalgebra of C * (Z(X)) generated by simplices of positive degree on the subsimplicial set of Z(X) generated by the vertices X 0 = Z(X) 0 , so all generators of C * >0 (X 0 ) are degenerate simplices having degenerate faces. We may truncate d C and ∆ to obtain a new coaugmented dg coalgebra A := (A * (X), d A , ∆ ′ , ǫ) where
and ∆ ′ is ∆ without the primitive term. Let (ΩA, d ΩA ) be the cobar construction of A and define for n > 0, Ω ′ n A ⊂ Ω n A to be the submodule generated by monomials [ā 1 | · · · |ā k ] ∈ Ω n A, k ≥ 1, where each a i is a simplex in Z(X) representing a generator of A such that min a 1 = max a k = x 0 and max a i = min a i+1 for all i; Ω ′ 0 A = k, and Ω ′ n A = 0 for n < 0. Then Ω ′ A inherits the structure of a dg algebra. In particular, Ω ′ A = ΩA when X 0 = {x 0 }. Define the hat-cobar construction ΩC * (X) of the dgc coalgebra C * (X) as
where ∼ is generated by
Note that the dg algebra of chains on the necklical set ΩX coincides with the hat-cobar construction ΩC * (X).
The hat-coHochschild complex is defined as ΛC
where θ 1 and θ 2 are defined as in 4.1.
The homology of ΛC * (X) is called the hat-coHochschild homology of C * (X) and is denoted by HH * (C * (X)).
The chain complex (C * ( ΛX), d) of the closed necklical set ΛX is
, where C ′ * ( ΛX) is the free k-module generated by the set ΛX and D(e) ⊂ ΩX ⊂ ΛX denotes the set of degeneracies arising from the unit e ∈ ΩX, and the differ-
acts on C * ( Λ n0,r X). We have a straightforward Theorem 3. For a simplicial set X the chain complex C * ( ΛX) coincides with the hat-coHochschild complex ΛC * (X).
In particular, for a 1-reduced X (e.g., X = Sing 1 (Y, y) the simplicial set consisting of all singular simplices in a topological space Y which collapse edges to a fixed point y ∈ Y ), the hat-cobar construction ΩC * (X) coincides with the Adams' cobar construction ΩC * (X) of the dg coalgebra C * (X) and, consequently, the hatcoHochschild construction ΛC * (X) coincides with the standard coHochschild construction ΛC * (X). Thus we obtain (compare [13] ) Theorem 4. For a 1-reduced simplicial set X the chain complex C * (ΛX) coincides with the coHochschild complex ΛC * (X).
is a dgc coalgebra equipped with deconcatenation coproduct.
The following result was stated in [6] , however, we outline a proof not relying on the comparison theorem for spectral sequences of twisted tensor products, which assumes certain hypotheses. εā i ⊗ā i+1 · · ·ā n uā 1 · · ·ā i−1 , n ≥ 2, ε = (|a i−1 |+· · ·+|a n |+n+i)(|u|+|a 1 |+· · ·+|a i |+i). The above construction is part of the following general fact shown in [6] , which we do not need in full generality for our purposes: ρ is actually a morphism of coalgebras up to strong homotopy compatible with twisting cochains, and these kind of morphisms induce chain maps between the more general notion of Hochschild complexes associated to a twisting cochain.
There is a "local" chain contraction s : Kerρ → Kerρ defined for Remark 3. In fact, the local contraction s above may be used to obtain a chain homotopy between η•ρ and id BΩC where η : C → BΩC is the (strict) dgc coalgebra map given by
Similarly, s ′ may be used to obtain a chain homotopy between the chain maps (η ⊗ id C ) • φ and id Hoch(ΩC) . (Sing(Y, y) ) the dgc coalgebra of normalized singular chains on Y with vertices on y ∈ Y . It was shown in [11] that for any path connected space Y there is a quasi-isomorphism of dga algebras S N * (ΩY ) ≃ ΩS N * (Y, y). As explained in Remark 2 of [12] , there is no need to add formal inverses (as in 3.4) to obtain the correct dga algebra on the right hand side since Sing(Y, y) is a Kan complex and every 1-simplex is invertible up to homotopy. In fact, the same exact argument as in the proof of Theorem 2 follows through to show that |ΛSing(Y, y)| is homotopy equivalent to ΛY . Moreover, the normalized chain complex associated to the closed necklical set ΛSing(Y, y) is isomorphic as a dg module to coHoch(S N * (Y, y)), the coHochschild complex on the dgc coalgebra S N * (Y, y). It follows that coHoch(S N * (Y, y)) is a dg module quasi-isomorphic to the normalized singular chains on the free loop space S N * (ΛY ). Hence, by Proposition 3, we obtain quasi-isomorphisms 
